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Investigation  on  the  Influence  of  Stiffener  Size  on  the 
Buckling  Pressures  of  Circular  Cylindrical  Shells  Under 
Hydrostatic  Pressure' 

By  James  A.  Neff* 


A  thsoreticol  dsrivotion  it  giv^n  for  slotfic  ond  ploitic  buckling  of  stiffonod,  circulor 
cylindricol  iholls  undor  uniform  oxtornol  hydrostatic  prossurot.  Th«  thoory  occounts  for 
vorioblo  iKoll  tfrostos,  at  infbwncod  by  tho  circular  stitfonors,  and  critical  buckling  pros- 
surof  aro  obtolnod  for  timpio  support  conditions  at  tho  sholl-framo  junctures.  Collapse 
pressures  for  both  elastic  and  plastic  buckling  are  determined  by  iteration  and  numerical 
minimization.  The  theory  is  opplkable  to  shells  mode  either  of  strain*hordening  or 
elastk-perfectly  plastic  materials.  Using  the  developed  analysis,  it  is  shown  that  a  vario- 
tion  in  stifFener  size  can  chonge  the  buckling  pressures.  Test  date  from  high-strength 
steel  ond  aluminum  cylinders  show  agreement  between  the  theoretical  and  experimental 
collapse  pressures  to  within  approximately  six  percent. 


SiNCK  the  USS  Holland  was  launched  ^  the  Navy  has 
been  interested  in  the  design  of  reinforced  cylinders  for 
submarine  structures.  Collapse  pressures  for  \’ariou8 
modes  of  failure  must  \x*  determined  before  the  naval 
architect  can  arrive  at  a  rational  design.  The  collapse  of 
a  cylindrical  shell  stiffened  by  circular  frames  may  occur 
in  one  of  three  modes  depending  upon  its  geometry. 
Considering  a  given  shell-thickness  to  shell-diameter 
ratio,  failure  may  occur  by 

^  This  paper  is  based  on  a  thesis  investigation  submitted  to  the 
(ieorge  Washington  University  in  partial  satisfaction  for  the  de¬ 
gree  of  Master  of  Hcience  in  Kngineertng. 

*Htnictural  Research  Kngineer,  David  Taylor  Model  Basin, 
Washington,  D.  C. 


1  General  instability. 

2  Asymmetric  shell  buckling. 

3  Or  axisymmetric  shell  collapse. 

(jeneral  instability  occurs  when  the  size  of  the  frames  is 
critical  for  a  given  frame  spacing,  resulting  in  collapse  of 
the  frames  together  with  the  shell.  Failure  may  occur 
along  several  frames  or  it  may  occur  over  the  entire 
length  of  a  compartment.  Shell  buckling  occurs  when 
frame  size  is  sufficient  to  prevent  general  instability,  but 
the  frame  spacing  is  critical.  In  this  type  of  shell  failure 
a  series  of  asymmetric  lobes  forms  in  the  shell  between 
frames.  Axisymmetric  shell  collapse  occurs  when  the 
frame  size  is  sufficient  to  prevent  general  instability  and 
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effective  area  of  frame  eroM  aection,  ui  in. 
coeflfidenU  for  idaatic-buckling  equation,  in.  ^ 
faying  width  of  frame,  in. 

beitding  rigidity  of  shell,  ffAV12(l  -  r*),  lb-in. 
Young>  modulus,  psi 
secant  modulus,  psl 
tangent  nnodulus,  pei 
shell  thickness,  in. 
mode  shape  coefficient,  n/ff,  in. 
cenier-to-center  spacing  of  frames,  in. 
unsupported  length  of  cylinder,  Lf  -  6,  in. 
moduli  parameter,  I  —  dimensionless 

numbers  of  half-waves  of  buckling  conSguration 
in  axial  and  circumferential  directions,  respec¬ 
tively,  dimensionleas 
forces  per  unit  length,  lb  |)er  in. 
pressure,  psi 

elastic  buckling  pressure,  psi 
plastic  Ixickling  pressure,  equation  ( 10),  psi 
plastic  collapse  pressure,  equations  (10)  and  (13), 
psi 
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radius  of  cylinder  to  mi^lane  of  shell,  in. 
radius  of  cylinder,  to  CG  of  frame,  in. 
shell  displacements,  in. 
coordinates,  dimensionless 
effective  stress  paranwter,  3(  1  —  Et/E,)/0t* 
measure  of  beam-column  effect,  iR/h)*p/2B 
(1  -  v’l^^^dimensionteas 

property  parameter,  dimensionleas 

shell  flexibility  parameter  (.3(1  —  p*)V^*L/(H>  f*'*, 
dimensionlM 

mode  shape  coefficient,  mwfh,  in. 

Poisson's  ratio,  dimensionleos 

elastic  value  of  PoiaMn's  ratio,  dimensionleas 

membrane  stresses,  psi 

effective  stress,  psi 

elastic  limit  stress,  psi 

yield  stress,  psi 

stress  function,  dimensionleas 

shear  stress,  psi 


the  frame  Hpaeiiig-diameter  ratio  is  relatively  Hmall,  pre¬ 
venting  shell  buckling.  I'ailuix*  oecurK  l)y  a  combination 
of  yielding  and  axisymmetru*  l)uckling  of  the  shell,  result¬ 
ing  in  an  axisymmetric*  fold  in  the  shell  between  frames. 

Theoretical  solutions  for  the  elastic  instability  of 
cylindrical  shells  have  )mmmi  derived  by  Mises  |l|‘^  and 
Sanden  and  Tdlke  |2|.  and  their  solutions  apply  when 
stresses  in  the  sh(dl  an^  linear  when  buckling  occ'urs. 
The  problem  of  plastic  collapse  has  lx*en  recently  treated 
by  Reynolds  |3)  for  the  asymmetric  mode  of  failure  and 
by  Lunchick  [4,  o|  for  the  axisymmetrie  mode.  In  their 
solutions  the  nonlinear  effect  of  the  stress-strain  eur\'e  in 
the  elastic-plastu*  region  is  (considered. 

A  subject  of  current  interest  to  the  naval  architect  is 
that  of  the  effect  of  the  size  of  the  reinforcing  circular 
frames  on  the  asymmetric  sholl-buckling  strength  of 
cylindricol  shells  under  external  hydrostatic  pressure. 
This  problem  Ixccomes  important  in  the  design  of  sub¬ 
marines,  since  it  is  advantageous  to  have  the  structural 
material  in  the  shell  and  frame  so  distributed  that  it 
gives  a  maximum  collapse  pressure  for  a  minimum  weight. 

In  this  report  a  theoretical  analysis  of  the  asymmetric 
shell-buckling  mode  of  a  circular,  framed,  cylindrical  shell 
loaded  under  external  uniform  hydrostatu*  pressure  is 
shown.  Cierard's  |b|  eipiations  of  ecpiilibrium  for  plastic 
buckling  are  solved  using  realistic  expressions  for  stresses 
in  the  shell  determined  by  the  Salemo-Pulos  17)  theory, 
which  accounts  for  the  effect  of  circular  frames.  The 
plasticity  coefficients  in  (lerard's  e(|uations  of  eifui- 
librium  are  expressed  in  terms  of  variable  shell  stresses 
determined  by  Salerno  and  Pulos.  The  feature  of  vari¬ 
able  shell  stresses  becomes  important  in  this  problem,  as 
a  change  in  frame  size  will  produce  a  change  in  shell 
stresses. 


Thsary 

^k$i9k*Buckling  Theory 

In  the  case  of  stiffened  cinnilar  cylindri(ral  shells  loaded 
under  external  hydrostatic  pressure  the  two  principal 
stresses  (s’cur  in  direertions  parallel  and  perpendicular  to 
the  longitudinal  axis  of  the  cylinder,  Fig.  1.  Therefore, 
the  shear  stress  is  given  by 

r  =  =  0  (1) 


Using  membrane-stress  theory,  which  considers  only 
strcsscMi  on  the  middle  surface  of  the  shell  (neglecting 
bending),  the  longitudinal  membrane  stress  can  be  de¬ 
termined  from  the  c<|uation  of  e(|uilibrium  in  the  longi¬ 
tudinal  dinH*tion: 


a,  = 


h  2h 


(2) 


The  circumferential  membrane  stress  can  be  obtained 
by  the  analysis  of  Salerno  and  Pulos  |7 1  who  express  the 
stress  as  follows: 


*  Numtirra  in  t>rarkrts  doiiisnatc  Rrf<*rf*nc(«  at  end  of  pafier. 


where 
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(3) 


In  the  th(H)ry  of  buckling,  a  (‘crtain  stress  condition  at 
a  point  in  the  shell  is  assumed  to  reach  a  limiting  value 
at  the  onset  of  collapse.  The  circumferential  stress 
varies  with  x  and  the  stress  condition  is  assumed  to  be 
most  critical  at  midl)ay  ;  therefore,  the  stress  is  taken  at 
the  midbay,  mid  plane  fil)er  IcM'ation.  The  function, 
which  determines  the  axisymmetrie  stress  at  this  location 
of  a  circular  framed  cylindrical  shell  loaded  under  ex¬ 
ternal  hydrostatic  pressure  is  given  by  the  theory  of 
Salerno  and  Pulos  |7|  and  expressed  by  Krenzke  and 
Short  |8|  in  the  following  (convenient  form: 
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a,  +  -h  Fid  -  ») 
where  at  is  the  ratio  of  frame  area  to  shell  area  and  is  ex¬ 
pressed  as 

Ar 

HLr 

and  $  is  the  ratio  of  faying  width  of  the  stiffener  to  the 
cenier-to-center  spacing  of  the  stiffeners  and  is  expressed 
as 
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(4a)« 


(46) 


*  Ap  \9  the  effective  area  o(  the  frame  obtained  by  multiulvins 
the  tnie  area  of  the  frame  by  H/Hf  for  internally  framed  cyiinderi 
and  iH/Hr)*  for  externally  framed  cylinders. 


The  functions  Fi  and  Ft  are  defined  as  follows: 
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to  longitudinal  bending  in  the  shell  at  the  shell-frame 
junctures.  This  assumption  at  the  boundary  may  be 
justified  by  concluding  that,  when  plastic  behavior  b^ns 
in  the  shell  at  the  shell-frame  junctures,  the  frames  pro¬ 
duce  little  restraint  against  rotation  of  the  shell.  The 
general  solution  of  equations  [5]  satisfying  the  boundary 
conditions,  equations  (7)  and  (8),  can  be  expressed  as 

u  »  Ao  sin  Its  cos  \x 
V  -  Bo  cos  ks  sin  \x  (9) 

w  —  Co  sin  ka  sin  \x 


where 

Hi  *  ii\  -  yi)‘^*andi,,  -  *(1  -h  >0''* 

Gerard's  |6]  equilibrium  equations  for  cylindrical-shell 
structures  made  of  an  isotropic,  incompressible  material 
and  subjected  to  external  hydrostatic  pressure  can  be 
w'ritten  in  terms  of  the  shell  stresses,  cr,  and  cr„  as  follows: 
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in  which  the  effective  stress,  9<,  is  determined  from  the 
octahedral  shear-stress  theory  of  Hencky,  Huber,  and 
Mises;  i.e.. 


=  (<y**  -f  a,*  — 


(6) 


If  simple  support  conditions  are  assumed  at  the  shell- 
frame  junctures,  the  boundary  conditions  which  must  be 
satisfieid  are 


and 


w|*-o  =  wl*-t  =  0 


(7) 


d*w  I  _ 

L-o  *-/. 


(8) 


Simple  support  implies  that  the  frames  offer  no  restraint 


In  small-displacement  theory,  the  criterion  for  bifurca¬ 
tion  of  equilibrium  is  that  the  deflections  increase  beyond 
limit.  To  satisfy  this  stability  criterion,  the  expressions 
for  the  displacements,  u,  v,  and  tc,  given  by  equations  (9), 
are  substituted  into  the  equilibrium  equations,  equations 
(5),  and  the  determinant  formed  by  the  coefficients  of 
the  arbitrary  mode-shape  parameters,  Aoy  Bo,  and  Co,  is 
set  equal  to  zero.  Equating  this  determinant  to  zero,  a 
characteristic  ec^uation  for  the  determination  of  the 
plastic-buckling  pressure  is  obtained.  The  method  of 
solution  is  shown  in  detail  by  Nott  in  [9).  The  plastic 
buckling  pressure  is  expressed  in  the  form 


4DM,  -  {('MU:  +  {('M)U,]  + 
R  (I’  4-  +  X‘)*  -  M 

[4r(‘’-»v)’ +  ».*.]} 


where 
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M  =  1 
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ri  =  At  -  At^  +  .44^’ 


xj  =  .4,  +  .4,0  +  .4|0’  —  ;4,0’  +  Aif^* 


(10c) 


and 


...  =  i(fc’  +  X‘)’ 

At  =  iX»(Jt«  +  X’)’(2<:’  +  X’) 

.4,  =  2ifc’X’(jlc*  +  X’)’ 

A,  =  2k*{k*  +  X’)«(fc’  +  2X’)  (lOd) 

.4,  =  iX*(4A:«  +  X’) 

.4,  =  2A’X*(2it’  -  X’) 

At  =  2A-»X*(2/t»  -  X*)(it’  -  2X’) 

A,  =  8A‘X’(fc’  -  2X*) 

.4,  =  4it*(A’  +  4X’) 


(^nation  (10)  is  an  exact  aolution  for  the  caae  of  siinple 
support  conditions  at  the  shell-frame  junctures.  Gerard, 
in  [101,  obtains  an  approximate  plasticity  reduction  fac¬ 
tor  for  asymmetric  buckling.  In  his  solution,  Gerard 
makes  the  assumption  that 


This  assumption  for  ^^moderate  length  cylinders’’  leads 
to  neglecting  of  higher  order  terms  which  enables  an 
analytical  minimisation  of  the  plasticity  equations. 
However^  in  the  general  case  of  cylinders  of  any  length 
no  assumption  can  be  made  as  to  the  order  of  magnitude 
of  nL/wR.  Hence,  the  expression  for  the  critical  pressure 
becomes  more  complicate,  and  the  minimisation  with 
respect  to  the  number  of  lobes  (n)  is  not  as  con>'enient  as 
in  Gerard’s  case. 

The  plastic-buckling  pressure,  p,,  in  eciuation  (10) 
defines  a  range  of  collapse  pressures  for  different  values 
of  9i  beyond  the  elastic  limit.  The  flexural  rigidity  of  the 
shell,  D,  in  e<iuation  (10)  is  given  by 
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where  Poisson’s  ratio,  v,  in  the  elastic-plastic  region  is 
shown  by  Gerard  and  Wildhom  (1 1  ]  to  be 
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Equation  (6)  can  also  be  used  to  determine  the  relation¬ 
ship  between  the  prebuckling  stress  condition  in  the  shell 
and  the  applied  pressure.  Substituting  equations  (2)  and 
(3)  into  equation  (6)  and  solving  for  p,  one  obtains 


-  24  +  1)‘^' 

Since  ^  is  a  function  of  the  applied  pressure,  equations 
(10)  and  (13)  represent  transcendental  equations  for  the 
pressures  pp  and  pt,  respectively. 

Buckling  of  a  cylindrical  shell  in  the  asymmetric  mode 
is  assumed  to  occur  when  the  applied  pressure,  p«,  equals 
the  plastic-buckling  pressure,  p^.  Therefore,  the  plastic- 
collapse  pressure,  pc,  which  uniquely  defines  the  plastic- 
buckling  pressure  of  the  shell,  is  obtained  by'the  simul¬ 
taneous  solution  of  equations  (10)  and  (13).  As  an 
analytical  solution  to  these  equations  would  be  quite 
tedious,  if  not  impossible,  a  graphical  solution  is  recom¬ 
mended.  Equation  (10)  can  be  plotted  in  the  form  p, 
versus  si  and  equation  (13)  in  the  form  p«  versus 
The  intersection  of  these  two  curves  then  defines  the 
collapse  pressure,  pc. 

Minimum  or  critical  values  of  p,  in  the  elastic-plastic 
region  for  a  specific  geometry  are  determined  by:  (a) 
Numerical  minimisation  virith  respect  to  n,  and  (6)  an 
iteration  procedure  to  satisfy  equations  (4)  and  (10). 
Iteration  is  also  used  to  determine  p«  from  equations  (4) 
and  (13).  This  procedure,  outlined  for  a  strain-harden¬ 
ing  material,  is  greatly  simplified  for  an  elastic-perfectly 
plastic  material.  As  the  value  of  9%  for  an  elastic- 
perfectly  plastic  material  is  never  greacer  than  9p,  equa¬ 
tion  (10)  represents  the  vertical  line  s,  «  s,. 


flosfic-Bvckfsig  Theory 

When  the  geometry  of  the  shell  structure  is  such  that 
elastic  buckling  can  occur,  the  intersection  of  pp  versus 
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Fig.  2  Eflkct  of  frame  tiae  oo  sbell-bucUiag  pfessurtfl  of 
fceel  cylioders 


9i  and  Pi  versus  occurs  for  a  value  of  si  leas  than  e«, 
the  elastic  limit  of  the  material  In  this  case  Bt/Ep  »  I 
and  equation  (10)  reduces  to  Reynolds  [3|  elastic- 
buckling  pressure,  pi,  which  can  he  written  as 
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RHk*  +  X»)« 
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(14) 


A  plot  of  Pi  versus  9i  is  the  horisontal  line  p  *  p#  in  the 
p  —  9t  plane  and,  therefore,  the  critical  Imckling  pres¬ 
sure  may  be  obtained  directly  from  equation  (14). 
Equation  (14)  is  also  a  transcendental  equation  in  the 
pressure,  and  the  elastic-collapse  pressure,  p«,  must  he 
determined  by  iteration. 


Theorsf  icof  ffssuffs 

Calculations  have  been  carried  out  for  a  series  of 
geometries  in  the  plastic-buckling  range  to  show*  the 
effect  of  frame  site  on  the  shell-buckling  pressure,  pi, 
according  to  the  developed  theory.  A  strain-hardening 
steel  with  a  yield  strength  of  88,000  psi  is  used  for 
demonstration  purposes,  and  the  results  are  presented  in 
graphical  form  in  J*'ig.  2.  As  shown  in  the  graph,  the 
flexibility  parameter,  4,  has  a  limiting  value  of  4.0,  for 
which  an  increase  of  the  relative  frame  siae  will  not  pro¬ 
duce  any  increase  in  collapse  pressure.  Thus,  at  this 
limit  the  ratio  of  frame  area  to  shell  area  need  only  be 
sufficient  to  prevent  combined  frame  and  shell  failure. 
Since  4  b  a  function  of  h  and  R  and  b  directly  propor- 
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fig*  ^  Alumiaum  models  sfter  colUpse 


UodaI  to  the  Bpftcing^  L,  it  10  seen  th&t  for  a  constant  h 
and  R,0iB  totally  dependent  on  L.  For  this  case,  frame 
spacing  is  an  important  aspect  on  the  effect  of  frame  sise. 

IxpsHmsnl 

DMcrinMoA  of  Models 

To  determine  experimentally  what  effect  the  circular 
frames  have  on  a  cylindrical  shell  loaded  under  external 
hydrostatic  pressure,  four  structural  models  were  fabri¬ 
cated  and  tested  in  a  pressure  tank.  As  pioneering  struc¬ 
tural  research  is  currently  being  conducted  in  the  use  of 
aluminum  for  oceanographic  research  vehicles,  for  ex¬ 
ample,  the  Aluminauif  a  high-strength  aluminum  alloy 
was  chosen.  The  four  models  were  constructed  of 
7075-T6  extruded  aluminum.  Machined  structural 
models  were  favored  as  opposed  to  welded  models  to 
eliminate  the  effects  of  initial  deflections  and  residual 
stresses  which  occur  in  welded  structures.  Lunchick  and 
Short  [12)  and  Krenske  (13)  have  shown  that,  in  welded 
models,  the  heating  and  cooling  process  occurring  when 


the  webs  of  the  frames  are  welded  to  the  shell  causes  an 
initial  outward  shell  deflection  for  an  externally-framed 
cylinder.  On  the  other  hand,  an  initial  inward  shell  de¬ 
flection  occurs  for  an  internally-framed  cylinder.  These 
initial  deflections  cause  residual  stresses  and  beam- 
column  effects  which  can  affect  the  collapse  strength. 

Each  model  had  the  same  shell  thickness,  radius,  and 
typical  bay  lengths,  and  only  the  cross-sectional  area  of 
the  frames  varied.  The  shell  flexibility  parameter,  was 
2.5  for  each  model. 

Model  I  had  a  frame  area  equal  to  30  percent  of  the 
shell  area.  The  frame  area  of  Model  2  was  40  percent  of 
that  in  the  shell.  Model  3  had  a  frame  area  70  percent  of 
the  shell,  and  Model  4,  100  percent  of  the  shell  area. 
The  shape  of  the  frames  on  all  four  models  was  that  of  a 
T-section,  and  the  faying  width  of  the  webs  was  held 
constant  in  order  to  hold  the  bay  lengths  the  same. 

Ttf  Itwfhi 

Fig.  3  shows  the  four  models  after  collapse.  Model  1, 
which  had  a  cross-sectional  frame  area  30  percent  of  the 
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shell  area,  collapsed  at  a  pressure  of  1300  psi  by  plastic* 
general  instability.  Tha  frames  were  not  of  sufficient  size* 
to  prevent  frame  failure,  and  both  frames  and  shell  failed 
simultaneously  over  the  entire  length  of  the  model  in  a 
single  ''deep  dish’*  lobe.  Width  of  the  lobe  uas  approxi¬ 
mately  one  eighth  of  the  circumference  of  the  model. 
Tearing  of  the  shell  from  the  end  rings  and  frames  oc¬ 
curred  throughout  the  lobe,  and  the  two  center  frames 
buckled  inward. 

Model  2,  w'hich  had  a  cross-sectional  frame  area  40 
percent  of  the  shell  area,  collapsed  at  1400  psi  by  plastic 
asymmetric  buckling.  Failure  occurred  in  all  three 
typical  bays  in  a  series  of  nonsymmetrical  lobes  ai*- 
companied  by  lateral  twisting  of  the  frames.  The 
length  of  the  lobes  was  approximately  one  tenth  of  the 
circumference  of  the  model.  In  several  places  tearing 
occurred  at  the  shell-frame  junctures,  hut  this  was  not 
08  pronounced  as  in  Model  1. 

Model  3,  which  had  a  cro8s-MK*tional  frame  area  70 
percent  of  the  shell  area,  collapsed  at  1420  psi  by  axisym- 
metric  shell  yielding.  Failure  (K*curred  in  the  first 
typical  bay  from  the  end  ring  along  a  180-deg  arc  length 
around  the  circumference.  Tearing  occurred  at  the  two 
shell-frame  junctures  and  at  midbay. 

Model  4,  which  had  a  cross-sectional  frame  area  100 
percent  of  the  shell  area,  collapsed  at  1390  psi  by  axisym- 
metric  shell  yielding  similar  to  Model  3;  however,  the 
area  of  collapse  was  more  pronounced  in  Model  4.  The 
length  of  the  failure  in  this  mcxlel  extended  over  ap¬ 
proximately  200  deg.  Failure  occurred  in  the  first  typical 
bay  from  the  end  ring  and  tearing  of  the  shell  at  the  hinge 
locations  occurred  as  in  Model  3. 
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A  graphical  representation  of  the  obscrv’cd  collapsi^ 
pressures  is  shown  in  Fig.  4,  together  with  various  cor¬ 
responding  theoretical  formulas.  The  Hencky-Mises 
1 14 1  yield  criterion  at  outside  midbay  assumes  that 
failure  iM'curs  when  the  efTectivc  stress,  ei,  on  an  outside 
fil)cr  at  midhay  reaches  the  yield  strength  of  the  ma¬ 
terial.  .\n  extension  of  this  theory  is  that  of  Kempner 
and  Salerno  (15 1,  in  which  failure  is  assumed  to  ocrur 
when  the  stresses  inside  at  the  frame,  followed  by  stresses 
at  outside  midbay.  reach  the  yield  strength.  Lunchick’s 
piastu*-hinge  theory  |4|  for  axisymmetric  collapse  is  for 
an  elostic-perfectly  plastic  material  and  allow's  for  an 
amount  of  plastic  reserve  strength  l)ofore  failure  o<‘<'ur8. 

OitoiMfon  of  fxporisisniof  ffssuffs 

The  experimental  results  showed  that  an  appreciable 
increase  in  collapse  pressure  occurred  from  the  JIO  percent 
frame-area  case  to  the  40  percent  frame-area  case.  At 
the  30  per(*ent  frame  arra  a  general  instability  failure 
occurred.  .\t  the  40  percent  frame  area  buckling  of  the 
shell  occurred  between  frames.  Only  a  small  increase  in 
collapse  presaiire  occurred  between  40  percent  and  70 
pen’ent  frame  size.  .\t  70  pendent  frame  size  an  axisym¬ 
metric  yield-type  failure  occurred  instead  of  asymmetric 
buckling.  Strains  at  the  frame  indicated  that  longitudi¬ 
nal  stresses  grow  with  an  increase  of  percent  frame  size. 
Fig.  3,  which  (*ould  cause  premature  yielding.  A  sul)se- 
(|uent  increase  to  100  percent  frame  size  caused  collapse 
at  a  lower  pressure  than  that  of  the  40  percent  frame 
size.  For  an  increase  in  pendent  frame  size,  the  relative 
de(*rease  in  circumferential  strains  at  a  frame  was  greater 
than  the  dec'rease  in  circumferential  strains  at  midlmy. 
This  shows  that  large  frames  lower  frame  deflections,  but 
increase  bending  of  the  shell  at  the  frames,  thus  (*ausing 
relatively  higher  longitudinal  stresses  in  the  shell  at  the 
frame  lo(*ation8.  Therefore,  in  the  case  of  the  100  per- 
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cent  frame  size^  the  bending  stresses  in  the  shell  at  the 
frames  could  have  affected  the  collapse  pressure  ad¬ 
versely. 

Camparisn  af  Thsary  WHh  ixperimant 

For  the  models  tested,  the  asymmetric  theory  predicts 
an  increase  in  shell-buckling  pressure  for  an  increase  in 
frame  size.  Since  only  Model  2  failed  in  this  mode,  it  is 
difficult  to  make  a  positive  conclusion  concerning  the 
actual  trend.  However,  it  would  seem  reasonable  to 
assume,  from  the  much  lower  collapse  pressure  of  Model  1 
and  the  higher  pressure  of  Model  3,  that  the  experimental 
buckling  pressures  also  increase  with  an  increase  of  frame 
size  to  a  point  where  axisymmetric  collapse  occurs.  This 
increase  in  buckling  pressure  for  an  increase  of  frame  size 
agrees  with  equations  (10)  and  (13)  as  shown  in  Fig.  4. 
Losing  eciuations  (10)  and  (13)  and  Lunchick’s  plastic- 
hinge  theory  (4|  for  axisymmetric  collapse,  the  transition 
between  asymmetric  and  axisymmetric  collapse  occurs 
for  a  frame  area  62  percent  of  the  shell  area,  which  case 
is  between  Models  2  and  3. 

The  solution*of  equations  (10)  and  (13)  of  this  reixirt, 
Reynolds’  theory  [3],  and  Lunchick’s  plastic-hinge 
theory  |4|  all  predict  collapse  pressures  on  the  uncon- 
servativc  side  of  the  experimental  values.  Reynolds 
does  not  completely  account  for  actual  prebuckling 
stresses  in  the  shell  as  influenced  by  the  frames,  and  the 
plastic-hinge  theory  is  not  strictly  applicable  to  a  strain¬ 
hardening  material. 

When  the  Hencky-Mises  yield  criterion  1I4|  is  applied 
to  the  stresses  at  the  outside  mid  bay  location,  theoretical 
collapse  pressures  are  on  the  conservative  side  of  the 


experimental  values.  The  theory  of  Kempner  and  Sa¬ 
lerno  [15]  shows  collapse  pressures  slighty  lower  than 
those  given  by  the  Hencky-Mises  criterion. 

Reynolds  [3],  in  his  comprehensive  study  of  plastic 
buckling,  also  reported  the  test  results  of  seven  steel 
models,  five  of  welded  construction  and  two  machined. 
Results  of  these  tests  and  results  of  Model  2  are  com¬ 
pared  with  theoretical  formulae  in  Table  1 .  Fig.  6  gives 
a  graphical  representation  of  theoretical  versus  experi¬ 
mental  collapse  pressures  for  the  steel  cylinders  shown  in 
Table  1.  Hquations  (10)  and  (13)  and  Reynolds’  plastic 
equations  are  shown  to  agree  within  approximately  0 
percent  of  experiments.  The  elastic  equations,  e<|ua- 
tion  (14),  and  those  of  Mises  (1 1,  Sanden  and  Tolke  (2|, 
and  Reynolds  |3|,  predict  collapse  pressures  which  arc 
unconservative  when  compared  with  the  experimental 
results.  This  can  be  expected,  since  all  the  test  models 
collapsed  plastically. 

A  property  parameter,  defined 


is  shown  superimposed  on  the  graphs  in  Fig.  6.  When 
h/R  is  relatively  high  and  9^/ E  is  relatively  small,  a  high 
value  of  t  is  obtained.  This  is  the  case  for  Model  l'-12, 
in  which  h/R  is  0.0193  and  a^/E  is  2.*27  X  10-*  for  0.488 
frame-area  to  shell-area  ratio,  Table  1.  Also,  for  small 
values  of  h/R  and  large  a^  'E  a  low  ( is  obtained,  as  is  the 
case  for  Models  T-2A  and  T-3.  The  trend  of  the  (-curve 
in  Fig.  6  agrees  with  the  trend  of  the  elastic-buckling 
e(|uations.  This  should  l>e  expected,  since  for  Model 
U-12  the  large  h^R  increases  the  theoretical  elastic- 
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Fik.  6  Graphical  comparison  of  theoretical 
versus  experimental  collapse  pressures  for 
steel  cylinders 


buckling  pressure,  and  the  small  a^/E  lowers  the  ex¬ 
perimental  collapse  pressure.  Thus,  for  this  case,  a  high 
ratio  of  theoretical  collapse  to  experimental  collapse  is 
obtained.  Conversely,  for  Models  T-2A  and  T-3  the 
small  h/R  and  large  a^/B  produce  more  conservative 
values  for  the  ratio  of  theoretical  collapse  to  experimental 
collapse. 

Conclusions 

The  following  conclusions  can  be  made  for  stiffened 
cylindrical  shells  loaded  under  external  hydrostatic  pres¬ 
sure: 

1  The  theory  presented  by  the  author  for  asymmetric 
buckling  ade<|uately  predicts  collapse  pressures  for  shell 
geometries  constructed  from  (a)  high-strength  steel,  and 
(h)  high-strength  aluminum,  when  the  observed  collapse 
is  in  the  asymmetric  mode. 

2  A  decrease  in  the  shell  flexibility  parameter,  tf, 
leads  to: 

(а)  An  increase  in  the  plastic  asymmetric  buckling 
pressures, .p«,  for  a  specified  percent  frame  sise. 

(б)  A  hi^er  rate  of  increase  in  the  plastic  buckling 
pressures  for  an  increase  in  percent  frame  sise. 

3  For  a  cylinder  made  of  7075-Tfl  aluminum  and 
having  a  shell  flexibility  parameter  of  2.5,  an  increase  in 
relative  frame  size  leads  to: 

(а)  A  change  in  the  observed  mode  of  failure  between 
110  percent  and  40  percent  frame  sise  from  plastic  general 
instability  to  plastic  asymmetric  buckling. 

(б)  A  change  in  the  observed  mode  of  failure  between 
40  percent  and  70  percent  frame  size  from  plastic 
buckling  to  an  axisymmetric  yield-type  collapse. 


(e)  A  change  in  the  predicted  mode  of  failure  from 
asymmetric  buckling  to  axisymmetric  yielding  at  02  per¬ 
cent  frame  size;  Lunchick's  [4]  plastic  hinge  and  ec|ua- 
tions(10)and  (13),  p.. 

(d)  An  increase  in  the  theoretical  asymmetric  buckling 
pressures  between  30  and  70  percent  frame  size. 

(e)  An  increase  in  the  experimental  and  theoretical 
longitudinal  bending  strains  at  the  frame  locations. 

(/)  A  decrease  in  the  experimental  nd  theoretical 
circumferential  strains  at  the  midbay  and  irame  locations. 
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made  either  of  suaio* hardening  or  elastic*perfecUy  plastic  made  either  of  strain- hardening  or  elastic-perfectly  plastic 

materials*  Using  the  developed  analysis,  it  is  shown  that  a  materials.  Using  the  developed  analysis,  it  is  shown  that  a 

variation  in  stiffener  size  can  change  the  buckling  pressures.  variation  in  stiffener  size  can  change  the  buckling  pressures. 

Test  data  from  high-strength  steel  and  aluminum  cylinders  show  Test  data  from  high-strength  steel  and  aluminum  cylinders  show 

agreement  between  the  theoretic^  and  experimental  collapse  agreement  between  the  theoretical  and  experimental  collapse 


